Joint gravitational-wave detections of stellar-mass black-hole binaries by ground-and space-based observatories will provide unprecedented opportunities for fundamental physics and astronomy. We present a semi-analytic method to estimate multiband event rates by combining selection effects of ground-based interferometers (like LIGO/Virgo) and space missions (like LISA). We forecast the expected number of multiband detections first by using information from current LIGO/Virgo data, and then through population synthesis simulations of binary stars. We estimate that few to tens of LISA detections can be used to predict mergers detectable on the ground. Conversely, hundreds of events could potentially be extracted from the LISA data stream using prior information from ground detections. In general, the merger signal of binaries observable by LISA is strong enough to be unambiguously identified by both current and future ground-based detectors. Therefore thirdgeneration detectors will not increase the number of multiband detections compared to LIGO/Virgo. We use population synthesis simulations to explore some of the stellar physics that could be constrained with multiband events, and we show that specific formation pathways might be overrepresented in multiband events compared to ground-only detections.
I. SCIENCE WITH MULTIBAND EVENTS
The profound implications of LIGO's revolutionary discoveries for the LISA mission became clear soon after the first gravitational wave (GW) detection [1] . Black hole (BH) binaries of masses comparable to GW150914 merge at frequencies of ∼ 100 Hz, where ground-based interferometers are most sensitive, but their mHz emission from the early inspiral is strong enough to be observed by LISA. LISA observations of the inspiral could provide good estimates of binary parameters such as the merger time and sky-location, thus serving as forewarnings for GW merger observations from the ground and (possibly) electromagnetic counterparts.
Multiband GW astronomy is now an important part of the LISA science case [2] . Many authors have argued that LISA could make significant contributions to our understanding of stellar-mass BH astrophysics [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . One reason is that LISA could potentially measure binary properties that may not be accessible from the ground. For instance, eccentricity is a common signature of dynamical formation channels. Eccentricity in the LIGO band is typically expected to be too low to be detectable (see e.g. [14] ), because eccentric binaries quickly circularize under gravitational radiation reaction. However the eccentricity of dynamically formed binaries may be large enough to be measurable by LISA, giving us important clues about their formation history.
Joint LIGO-LISA detections also open up the possibility to perform new and more powerful tests of general * Einstein Fellow; dgerosa@caltech.edu relativity. For instance, some theories of gravity predict additional GW emission channels [15] . The combined analysis of LISA inspirals and ground-based mergers will put extremely stringent constraints on, e.g., dipolar radiation [16] . GW cosmology will also improve with mHz detections of stellar-mass BHs, because LISA's skylocalization properties make them unique standard sirens in the local Universe [17, 18] .
The prospect of multiband GW astronomy led to a flourishing of new data analysis and experimental ideas. Advanced warning information on the merger time might allow ground-based operations to be specifically adjusted. For example, by ensuring all the detectors on the ground are taking data at the right time -or perhaps even by tuning their optical properties [19] -we could achieve a qualitatively better characterization of specific "golden" sources. Data streams from ground-and space-based detector networks can also be combined to enrich the scientific payoff of both experiments. Binary properties measured with LISA could be used as a prior to improve ground-based parameter estimation pipelines [20] . Vice versa, ground-based detections can be exploited to revisit past LISA data looking for coincident triggers [21] . The effectiveness of waveform templates to characterize stellar-mass BHs with LISA is also being actively investigated [22] .
Whether or not LISA will be able to deliver such revolutionary science crucially depends on the expected rates of multiband BH events [1, 23, 24] . The scope of this paper is twofold: 2 on estimating the "effective time window" in which sources remain visible by LISA.
2. We make use of this method to explore the physics of massive binary stars that can potentially be uncovered with multiband GW detections. We first present "model-agnostic" estimates based only on current observational bounds from LIGO/Virgo. We then compute rates using population synthesis models of isolated BH binaries.
This paper is organized as follows. In Sec. II we describe our method to compute event rates. Sec. III translates the current event rate measured by LIGO/Virgo into predictions for LISA. In Sec. IV we apply our findings to state-of-the-art population synthesis simulations of merging stellar-mass BHs. In Sec. V we compare against previous estimates and discuss topics that should be addressed in future research. To improve readability, we present some of our results in Appendix A (these include, in particular, long tables listing multiband rates for different assumptions and population synthesis models). In Appendix B we discuss the horizon redshift of groundand space-based detectors. Throughout the paper we use geometrical units (G = c = 1) and we use values of the cosmological parameters drawn from Ref. [25] .
II. COMBINING EVENT RATES
An astrophysical BH binary is described by a set of intrinsic parameters λ.
Depending on the model/measurements available, these might include quantities like source-frame masses m 1 > m 2 , spin vectors χ 1 and χ 2 and binary eccentricity e. Sources are located at a cosmological redshift z, where the intrinsic merger rate is R(z) (this typically measured in units of Gpc −3 yr −1 ). Let us now examine selection effects for ground-and space-based detectors separately.
A. Detection rate from the ground
Ground-based detection rates r (in units of yr −1 ) are related to the intrinsic merger rate via
where dV c (z)/dz is the shell of comoving volume at redshift z, the factor 1/(1 + z) accounts for the Universe's expansion between emission and detection, p(λ) is the probability density function of the intrinsic parameters, and 0 ≤ p det (λ, z) ≤ 1 is a detection probability. The accurate estimate of the detector's sensitivity volume is a crucial element in current LIGO/Virgo analyses, and is typically based on injections campaigns into search pipelines [26] [27] [28] . Here we implement a common (but accurate) approximation. We model p det using the cumulative distribution of the projection parameter [29] [30] [31] [32] [33] [34] [35] 
where F + = 1 2 1 + cos 2 θ cos 2φ cos 2ψ − cos θ sin 2φ sin 2ψ,
F × = 1 2 1 + cos 2 θ cos 2φ sin 2ψ + cos θ sin 2φ cos 2ψ.
are the single-detector antenna pattern functions. The parameter ω is an analytic function of binary inclination ι, sky location θ and φ, and polarization angle ψ which encapsulates all the angular dependence of the signalto-noise ratio (SNR). The SNR of a generic binary is given by ρ = ω × ρ opt , where ρ opt is the SNR of an optimally oriented source with the same parameters λ and z. The probability density function p(ω) is obtained using Eqs. (2)- (4) and assuming that cos ι, cos θ, φ and ψ are uniformly distributed. Selection effects are then implemented with a SNR threshold ρ thr by evaluating
This simplified approach, which is widely used in the litterature, has been found to be a good approximation to more accurate estimates of detector selection effects based on simulated signals and false-alarm rates (see [26, 27] for comparisons).
In the following, we compute ρ opt using the waveform model of Ref. [36] and the noise curves of either LIGO at design sensitivity [37] or the proposed third-generation detector Cosmic Explorer [38] (hereafter "3g" or "3rd gen."). For ground-based detectors, we set ρ thr = 8 [26] . Eq. (5) is evaluated by Monte Carlo integration [39] .
B. Detection rate from space
Estimates of selection effects for space-based detectors must necessarily take into account the mission duration. According to current design choices, the nominal (extended) LISA mission duration is T obs = 4 (10) yr [2] .
GWs emitted by a binary that will merge in a time t merger are detected with frequency [40] f (t merger ) = 5
where
is the source-frame chirp mass. After a time T obs , the same source will be visible with frequency f (t merger − T obs ), unless it has merged 
Sky-averaged SNR ρ for LISA as a function of the binary merger time tmerger. Solid colored lines indicate three sources with masses of 29M and 36M , like those of GW150914 [43] , placed at luminosity distances DL = 100, 200 and 410 Mpc (the latter being compatible with the actual GW150914 event). The optimal SNR is obtained at merger times close to the mission lifetime T obs = 4 yr (dashed line). The closest sources are found above the threshold ρ thr = 8 during the time window marked by the dotted lines. This can be further restricted if only sources merging within a time Twait (dashed line) are sought for. Shaded colored regions indicate effective time window that determines the multiband rate.
before. The source's SNR during the entire mission duration is given by
We use the sky-averaged noise curve S n (f ) of Ref. [41] . We approximate the strainh and the merger frequency f (0) as in Ref. [42] . Stellar-mass BH binaries emit in the mHz regime at very wide separations, where spin effects can be safely neglected [22] . Fig. 1 shows the function ρ(t merger ) for some representative BH binaries. The SNR is expected to decrease for large values of t merger because the binary does not chirp much, i.e. f (t merger ) f (t merger − T obs ). The SNR is also expected to be low if the binary is too close to merger, because f (t merger ) falls outside the LISA sensitivity band. The largest SNR is obtained for t merger ∼ T obs , corresponding to the case where the binary spends the longest time chirping in the LISA band. As shown in Fig. 1 , the maximum of ρ is actually located at mergers times slightly larger than T obs , such that none of the available mission lifetime is "wasted" at frequencies 1 Hz where LISA is blind.
We now wish to impose a SNR threshold. A conservative threshold ρ thr = 8 is typically considered sufficient to extract signals from the LISA data stream [44] . For the specific case of multiband observations, Wong et al. [21] recently pointed out that ground-based detections could be used a posteriori to dig deeper into the LISA noise, thus lowering the effective SNR threshold to ρ thr 4.
Let us denote with t thr1 and t thr,2 the roots (if any) of the equation
The quantity |t thr1 − t thr2 | provides an estimate of the time window in which a merging BH binary is visible from space (cf. Fig. 1 ). The number of observations for a space-based detectors can thus be estimated by
while the detection rate is
Let us note that N space does not depends on T obs explicitly, but only implicitly through the SNR.
C. Multiband detection rate
Finally, we are interested in the combined ground + space detection rate. In this context, it might desirable to impose that detections by the two instruments should happen within a time frame T wait . Longer merger times are discarded and the effective merger time window is consequently reduced (cf. Fig. 1 ). The multiband detection rate is obtained by combining the ground-based detectability p det with the space time window, restricted to merger times smaller than T wait . One obtains
where 0 ≤ F ≤ 1 is the duty cycle of the ground-based network during the space-mission lifetime. The multiband detection rate is then given by
For simplicity, in the rest of the paper we set F = 1 and T wait = 5 × T obs unless specified otherwise.
III. PREDICTIONS BASED ON CURRENT DATA
We now present some simple estimates based on the merger rate measured by LIGO/Virgo using 10 BH binary detections [43] . The intrinsic merger rate R is strongly correlated with the parameter distribution p(λ). In this section we only consider nonspinning BHs, i.e. λ = {m 1 , m 2 }.
In Ref. [43] , two mass distributions p(m 1 , m 2 ) were used.
(i) In the first model, primary masses are distributed according to a Salpeter power law and secondary masses are distributed uniformly:
The merger rate was measured to be R = 57 [27] (where errors refer to 90% credibility and results from two independent pipelines have been combined).
(ii) In the second model, both masses are distributed uniformly in log:
This choice lowers the measured rate to R = 19
Gpc −3 yr −1 [27] .
We refer to these variations as "powerlaw" and "log", respectively. For each of these two choices, we take the median 1 as well as the lower and upper edges of the 90% confidence interval. This results in three estimates for R that we refer to as "median", "lower" and "upper". We assume m 1 , m 2 ∈ [5M , 50M ] as in Ref. [43] .
We integrate Eq. (1) with standard Monte-Carlo methods to obtain detection rates r and number of observations N for ground-based detectors, space missions and multiband scenarios. Our results are summarized Fig. 2 . Additional details are reported in Appendix A.
We estimate that LISA will observe 3 − 12 stellarmass BH binaries with SNR greater than 8 during its nominal mission of duration T obs = 4 yr. An extension to T obs = 10 yr will deliver 10 − 50 sources in total. As for multiband detections, a 4 yr (10 yr) LISA mission will provide forewarnings to ground-based observatories for a number of events between 0 and 4 (4 and 22). Note that, in this case, we only consider binaries that merge within a time
Weaker signals could be extracted from the LISA data stream by leveraging the information provided by ground-based interferometers [21] . With a lower threshold ρ LISA > 4, the number of multiband events increases by about a factor of ∼ 5. We predict N ∼ 5 − 30 (35 − 170) for T obs = 4 yr (10 yr). While the number of detections for which LISA will be able to predict the merger time (i.e. ρ LISA > 8) is compatible with zero in the most pessimistic cases, our analysis confidently predict multiple binaries 
FIG. 2. Expected detection rates (top) and number of observations (bottom) of stellar-mass BH binaries observable from
either space-based detectors alone or space-and ground-based observatories. We consider two possible outcomes of the LISA mission with duration of 4 and 10 yr, together with current (LIGO) and future (Cosmic Explorer, "3g") ground-based instruments. We present results obtained by extremizing over two mass spectra ("powerlaw" and "log") and three estimate of the intrinsic merger rate ("lower", "median", "upper"); see text for details. We assume two possible LISA SNR thresholds, meant to indicate scenarios where multiband detections are realized first from space and then from the ground (ρLISA > 8, blue), or viceversa (ρLISA > 4, red). The latter case is not possible for LISA alone unless data analysis techniques dramatically improve (gray).
with ρ LISA > 4 that can be extracted after ground-based detections have been made. Interestingly, the noise level of the ground-based instrument does not play a role in this estimate. A "LISA+LIGO" or a "LISA+3g" network will deliver the same multiband binaries. This feature can be understood in terms of the horizon redshifts of the instruments involved (cf. Appendix B). LIGO (3g) can observe a 30 + 30M binary up to z∼ 1.2 (35), while LISA is restricted to z 0.4. All the sources that are invisible to LIGO but will be observed by a third-generation detector are invisible to LISA as well. Obviously, more sensitive detectors will allow for more accurate characterizations of the sources. But regarding multiband detections rates, second-and third-generation detectors behave essentially the same. Circles mark our default choice Twait = 5 × T obs . Shaded horizontal lines indicate the number of events predicted by the LISA mission alone, irrespectively of whether they are observable from the ground. This figure is produced assuming the "powerlaw" mass spectrum and the "median" assumption for the intrinsic merger rate. Results are very similar if LIGO or a third-generation ground-based detector is considered; for concreteness, here we use LIGO.
The time lag between ground-and space-based observations is investigated in Fig. 3 , where we show the number of expected events as a function of T wait . For very large waiting times, the number of multiband observations N multib approaches the value predicted for the LISA mission alone N space . However, it does not exactly tend to it because of selection effects in the ground-based detector: Eq. (9) and Eq. (11) differ by a factor p det (λ, z) as T wait → ∞. As outlined above, the sensitivity of the ground-based detector hardly matters and the difference between N space and N multib (T wait → ∞) is consequently very small. Fig. 3 shows that one only needs to wait for a time comparable to the mission lifetime to observe a good fraction of the multiband binaries. The number of observations rises steeply for T wait T obs , and then flattens for larger values (our default choice T wait = 5 × T obs falls in the latter regime). The role of T wait is to filter out binaries with large merging times (cf. Fig. 1 ). Those same binaries do not chirp much and are, therefore, likely to have SNRs below threshold. In particular, we find N multib (T wait = T obs )/N space 10%. Fig. 4 shows the detectable distributions of total masses M and redshifts z predicted in these scenarios. A few interesting trends are present. First, LISA observations strongly select binaries with total mass M 60M . The GW emission frequency f is related to the total mass and the binary separation r by f = M/π 2 r 3 : low-mass sources emit in the LISA band when their orbital separation is too large for their GW radiation to be detectable. Second, all stellar-mass BH binaries detectable by LISA are relatively local, with redshifts z 0.1 (cf. Appendix B). Among all the stellar-mass BH binaries detectable from the ground, only those with M 60M and z 0.1 are accessible from space.
The case of multiband detections is not only determined by the LISA sensitivity, but also by the time between the two sets of observations one is willing to wait. In this paper, we denote as "multiband" only those binaries for which space and ground observations are separated at most by a time T wait (which is set to 50 yr in Fig. 4) . The multiband detection rate is lower than the rate for LISA alone because binaries with merger time longer than T wait are discarded.
This feature is particularly evident in the dr/dz distribution (right panels of Fig. 4) . For z 0.02, the LISA detection rate exceeds that of ground-based detectors. This might seem counterintuitive at first, but it is actually expected because binaries spend a longer time at the low frequencies accessible from space [t ∝ f −8/3 from Eq. (6)]. For sources at very low redshifts, the effective merger time window |t thr1 − t thr2 | of Eq. (9) can be as long as ∼ 10 4 yr. The threshold T wait largely removes this effect. If binaries with very long merger time are considered not interesting, the predicted multiband detection rate approaches those of ground-based detectors at low redshifts. As stressed above, the sensitivity of the ground based interferometer plays a minor role: in other terms, p det 1 whenever Eq. (8) admits roots.
IV. POPULATION SYNTHESIS PREDICTIONS
We now apply our rate analysis to state-of-the-art population synthesis simulations of spinning BH binaries formed from binary stars. We use publicly available distributions presented in Refs. [45, 46] . We perform stellar evolutions with the Startrack [47, 48] populationsynthesis code, and add spins in post-processing using the prescriptions of Refs. [45, 49] and the precession [50] code.
Among the spin variations presented in Ref. [45] , for simplicity we restrict ourselves to the "time-uniform" model, i.e. we adopt a physically motivated prescription for tidal alignment time scale and we assume that BH spins are uniformly distributed in magnitude between zero and the Kerr bound. We vary a single population parameter, namely the magnitude of the kicks imparted at BH formation [51] . Natal kicks are distributed according to a Maxwellian distribution with 1D dispersion σ ∈ [0, 265] km/s, independently of the star's mass. This is a simple, one-parameter family of models that allows us to bracket the expected detection rates [45, 52] .
Our dataset contains distributions of BH masses and spins, i.e. λ = {m 1 , m 2 , χ 1 , χ 2 }. We integrate Eq. On the y-axis we show dr/dM and dr/dz from Eq. (1) times the bin sizes ∆M and ∆z, such that the sum of the historgram entries is equal to the total rate r. Multiband distributions are identical if a "LISA+LIGO" or a "LISA+3g" network is considered. Results are obtained using the "median" value of R from Ref. [43] , assuming the "powerlaw" (top) and "log" (bottom) mass spectra, a LISA mission duration 10 yr, and a SNR threshold of 8 (see text for details).
with Monte Carlo techniques accounting for the expected distributions of zero-age-main-sequence stars, as well as the expected redshift-and metallicity-dependent starformation rate [34, 53] .
A. Multiband rates and number of detections
Figures 5, 6 and 7 show results for a single representative stellar evolution model with σ = 50 km/s. This choice yields detection rates consistent with LIGO observations, and it is in agreement with current mass and spin misalignment constraints [48, 54, 55] (see also Refs. [34, 56, 57] for kick measurements with X-ray binaries data). We present rates and numbers of detected binaries as a function of ρ LISA evaluated at t merger = T obs , cf. Eq. (7). This value can be considered as a simple estimator of the strength of the LISA signal, but it is understood that detection rates are computed by varying over t merger , as detailed in Sec. II.
In Fig. 5 we illustrates the expected LISA SNR distribution of GW sources detectable from the ground (i.e., histogram entries are weighted by the ground-based detection rate r ground ). Crucially, we find that the rate is a very steep function of ρ LISA . Lowering the SNR threshold from ∼ 8 to ∼ 4 raises the ground-based rate by a factor ∼ (8/4) 3 = 8. Any data-analysis or experimental technique which increases, even marginally, the LISA redshift horizon is expected to have significant consequences for multiband detections. According to Eq. (10), extending the mission duration from 4 to 10 yrs will increase the accessible rate by a factor of ∼ 3, thus delivering ∼ 3 × 10/4 = 7.5 times more detected sources.
Compared to LIGO, the increased sensitivity of thirdgeneration detectors is only relevant for binaries with ρ LISA 2, which are too faint to be identified in the LISA data. For concreteness, in the following we show multiband rates computed using the LIGO noise curve, but results would be unchanged if we considered Cosmic Explorer instead. Fig. 6 shows the LISA SNR distribution restricted to those fewer (multiband) sources that are accessible from both ground and space. As expected, the multiband rate steeply decreases as the SNR threshold is approached. It is worth noting, however, that the distributions of Fig. 6 do not present a sharp and unphysical cutoff, but they decrease smoothly as ρ → ρ thr . This is a direct consequence of the procedure presented in Sec. II: LISA observes for a time T obs but, in general, sources will not inspiral all the way to merger during that time. Their effective SNR is, therefore, somewhat smaller than ρ LISA (T obs ).
A summary of these results is presented in Fig. 7 , where we show the cumulative distribution of the number of multiband events. For this specific model with σ = 50 km/s, a LISA mission of T obs = 4 (10) yr will deliver ∼ 2 (∼ 20) multiband sources with SNR greater than 8. About ∼ 20 (∼ 130) more sources will be seen with 4 < ρ LISA (T obs ) < 8.
We explore the uncertainties of our predictions on r multib and N multib in Fig. 8 , where we vary the strength of the kicks imparted at BH formation from σ = 0 km/s to 265 km/s [58] (see Appendix A for additional details). As σ increases, more and more binaries are unbound by supernova explosions, and the detection rate consequently decreases. We report variations of a factor ∼ 30. It is worth noting that only moderately extreme cases (σ 150 km/s, T obs = 4 yr) present N multib < 1. There- Table II .
fore, we predict that the LISA space mission will detect a few -but possibly dozens -sources which are also observable from the ground. These events (with ρ LISA > 8) are going provide forewarnings for ground-based operations, but about O(100) more events with ρ LISA > 4 could potentially be extracted from the LISA data stream in coincidence with sources that have already been observed from Earth.
B. Stellar progenitors
Multiband GW detections offer new opportunities to explore the physics of massive stars (see e.g. Refs. [4, 5, 7] ). By leveraging our Startrack+precession simulations [45] , we now investigate which specific formation sub-channels are more likely to produce multiband sources. Fig. 9 shows the detectable distributions of total mass, mass ratio, redshift and effective spin [43, 59, 60] for our simulation with σ = 50 km/s. Binaries are weighted by detectability with either ground-based detectors alone, or multiband networks. The main trends are driven by the same considerations already presented in Sec. III: among the ground-based sources, only those with large enough mass and small enough redshift are detectable by LISA and can be multiband sources.
The results of Fig. 9 let us immediately infer the value of the multiband horizon redshift averaged over a suitable stellar population. For T obs = 4 (10) yr, we find that only binaries at z 0.07 (0.12) can be observed with ρ LISA > 8 and provide forewarnings for ground-based operations. The largest redshift increases by about a factor 2 if the SNR threshold is relaxed to ρ LISA > 4. These findings are in agreement with the horizon redshifts of the LISA detector alone (Appendix B), thus confirming that the space-based detector sensitivity is going to be limiting component of future multiband networks.
The high-mass filter is also a rather strong effect. For M 30M , the multiband detection rate is 3-5 orders of magnitude smaller than the LIGO one. While only ∼ 28% of the LIGO detection rate comes from binaries with M > 60M , that fraction increases to ∼ 50% for multiband observations. Multiband detections do not appear to prefer specific values of mass ratios and/or spins (Fig. 9) . This is expected, because both of these parameters enter the waveform at relatively high postNewtonian order, and the effects of high post-Newtonian orders are negligible at low frequencies.
The key stellar mechanism to form GW sources from massive binary stars in galactic fields is the so-called common-envelope phase [61, 62] . As one of the two stars enters its late evolutionary stages, its outer layers can engulf the binary's orbit. Two stellar cores evolve inside a single envelope, which dissipates its binding energy by shrinking the binary separation.
As in Ref. [45] , we divide the results of our simulations into eight mutually exclusive subchannels depending on the formation time of the more (BH1) and less (BH2) massive objects, as well as the occurrence of the commonenvelope phase (CE). The more massive BH usually originates from the more massive star and form first (i.e. "BH1" comes before "BH2"). For a minority of the systems, mass transfer might reverse the binary mass ratio, causing the secondary BH to form first (i.e. "BH2" before "BH1"). Common envelope typically occurs either in between the two supernovae (i.e. "BH CE BH"), or before the first one (i.e. "CE BH BH"). The relative importance of these two sub-channels crucially depends on the magnitude of the supernova kicks [45] . For σ 100 km/s, the dominant channel is "BH1 CE BH2", with the common-envelope phase involving the inspiral of an already formed BH and the core of the other progenitor. For σ 100 km/s, the first supernova kick is likely to unbind the stellar binary, unless it has hardened before. In this case, the majority of the detection rate comes from the "CE BH1 BH2" sub-channel. Other sub-channels with zero or two common-envelope phases are, in general, highly subdomi- nant. Fig. 10 shows how the fraction of detectable sources in each of these pathways is impacted by multiband detections. Scenarios with early common envelopes ("CE BH BH") are generally overrepresented in multiband observations compared to either LIGO or third-generation detectors alone. These sources are, on average, more massive than their "BH CE BH" counterparts, and therefore more likely to be detected by LISA. The "CE BH BH" scenarios include the most massive stellar progenitors and BHs formed at low metallicity, while the "BH CE BH" binaries form copiously at all metallicites from pairs of O(40M ) stars. The sensitivity of third-generation detectors peaks at lower masses compared to LIGO, and it will allow them to observe more "BH CE BH" binaries.
Sources where BH1 forms before BH2 are not only more numerous, but also heavier than those where the lighter object forms first. Strong mass transfer is required to reverse the binary mass ratio and form the lighter BH from the heavier star. Since mass transfer is expected to be nonconservative, this implies that more mass is, on average, lost in the "BH2 BH1" scenarios [53] . As shown in Fig. 10 , those subchannels are slightly more probable in multiband detections compared to groundbased observations.
The few binaries that manage to merge without a common-envelope phase (i.e. "BH BH") also appear to be somewhat preferred by multiband scenarios. The statistics in the simulations of Ref. [45] , however, is too small to draw confident conclusions from this observation.
To summarize, the main trends observed in Fig. 10 can all be understood in terms of the source total mass and its impact on LISA detectability. For reference, in our model with σ = 50 km/s the medians of the total mass M weighted by LIGO detections rates are ∼ 44M for "BH1 CE BH2", ∼ 38M for "BH2 CE BH1", ∼ 54M for "CE BH1 BH2", and ∼ 49M for "CE BH2 BH1".
V. COMPARISONS AND PROSPECTS
We presented a new, semi-analytic approach to compute detection rates for multiband GW sources by properly combining selection effects of ground-and space-based detectors. Our treatment relies on (i) labelling sources by their merger time, and (ii) defining an "effective time window" where their SNR is above threshold [see Eq. (9)]. We first exemplified the method by using the relatively model-independent LIGO/Virgo estimate of the intrinsic merger rate, and then we explored in detail the population of multiband GW sources predicted by simulations of isolated binary stars. We plan to extend our analysis to dynamical formation scenarios in future work.
There were some previous attempts at estimating multiband detection rates [1, 23, 24] . The calculation presented by Refs. [1, 23] is essentially equivalent to our own calculation in Sec. III. Instead of explicitly considering a time window, those calculations randomize over the binary emission frequency (or, equivalently, t merger ) and apply the SNR cut to each Monte Carlo sample. In particular, Ref. [23] presents results using the same LISA noise curve used in this work, and quotes values of N obs which are up to two orders of magnitude higher than ours. These differences can be reconciled by noting that Refs. [1, 23] used the intrinsic merger rate R from Ref. [26] , which is now superseded by Ref. [43] .
Kyutoku and Seto [24] presented a mostly analytical calculation of the expected number of stellar-mass BH binaries detections by LISA. They used the now-outdated LISA noise curves from Ref. [63] , but their N2A2 configuration with T obs = 5 yr should be reasonably close to our calculations with T obs = 4 yr (see also [23] ). They fix the chirp mass of all sources to M c = 28M and the intrinsic rate to R = 100 Gpc −3 yr −1 to obtain ∼ 30 (300) observable sources that do (do not) merge within T obs . Their estimate is in rough agreement with our findings once M c and R are properly rescaled.
Much of our analysis emphasized that LISA will be the limiting instrument of a multiband network. If a binary is detectable by LISA, it will also be observed by a ground-based observatory with high SNR (although it might take a very long time to merge). The sensitivity of the ground-based detector does not matter when estimating multiband detection rate. Differences between the current LIGO/Virgo network and future third-generation detectors impact the rate only for highly subthreshold events with ρ LISA 2.
Of all stellar-mass BH binaries detected from the ground, LISA will select a specific sub-population. In particular, sources must be more massive than ∼ 60M and closer than ∼ 500 Mpc, but the precise thresholds depend on the specifications of the LISA mission.
In Fig. 9 we compare our stellar calculations to posterior distributions from all LIGO/Virgo observations to date [43] . Out of the 10 BH binary events observed so far, 5 have z 0.1, 3 have 0.1 z 0.2, and 2 have z 0.3. Even with this limited sample, one can immediately see that expanding the LISA horizon redshift from ∼ 0.1 to ∼ 0.2 might dramatically increase our prospects of performing multiband observations. Our more detailed analysis confirms this expectation. Because of the steep dependence of the detection rate on the LISA SNR, an extension of the LISA mission duration and/or data-analysis techniques that can lower the SNR threshold will increase the number of events by orders of magnitude.
The sharp high-mass cutoff in the multiband detectability might have other surprising consequences. In the populations considered here, the total mass of the binary is limited to M 100M by construction. The distributions of Sec. III explicitly exclude BHs larger than 50M [43] . The simulations used in Sec. III are generated assuming that pair-instability pulsation Supernovae and pair-instability Supernovae [64] [65] [66] [67] [68] efficiently prevent the formation of BHs heavier than ∼ 45M . This is a rather pessimistic assumption, as the cutoff might be as large as ∼ 52M [69] . It is also important to note that stars are predicted to form BHs with mass 130M , for which Supernova instabilities are too weak to disrupt the progenitor star [69] . Second-generation mergers [70, 71] might also populate this upper mass gap. If such massive BHs exist, they are expected to contribute prominently to the multiband event rates [72, 73] .
If realized, multiband GW detections will crown the science return of the LISA mission with revolutionary astronomy, fundamental physics and cosmology. The analysis presented in this paper confirms that this is indeed an exciting possibility. In this Appendix we provide some of our rate calculations in tabular format. In particular, Table I lists results from the Monte Carlo runs of Sec. III for all choices of mass distribution, intrinsic merger rate and detector specifications. Table II complements Sec. IV with detailed rates and number of observations from all of our population-synthesis simulations. It is worth stressing that the catalogs used to generate Table II are produced by initializing zero-age-main-sequence stars at cosmological distances and by considering only BHs that merge before z = 0. Many more nonmerging BH binaries are potentially detectable by LISA [76] , but they were not considered here.
Appendix B: Horizon redshifts
A prerequisite (and by-product) of the rate analysis presented in this paper is the calculation of the horizon redshift, defined as the largest redshift at which a binary with given parameters λ is observable. More precisely, we define the horizon redshift z h as the solution of the equations ρ opt (λ, z h ) = ρ thr for ground-based detectors, and ρ(t merger =T obs , λ, z h ) = ρ thr for LISA.
Results for LIGO [37] and Cosmic Explorer [38] are shown in the top panels of Fig. 11 . Current detectors are most sensitive to binaries with m 1 + m 2 ∼ 100M and can reach z hor ∼ 2. The sensitivity of third-generation detectors, on the other hand, is expected to peak at lower masses m 1 + m 2 ∼ 10M . Future interferometers will observe binaries out to z h 30, thus detecting all stellar-mass BH mergers in the Universe [38, 77] .
The middle and bottom panels of Fig. 11 show forecasts for LISA, assuming different choices for the mission duration and SNR threshold. For the stellar-mass BH binaries considered here, the LISA sensitivity peaks at the high end of the mass spectrum, where sources spend the longest time chirping in the detector's sensitivity window. With an extended mission duration of T obs = 10 yr and an optimistic SNR threshold of ρ thr = 4, the furthest detectable binaries are located at z h ∼ 0.25. This is well below the reach of current and future ground-based detectors. (11)]. For each estimate, we report three values ("lower", "median", "upper") to bracket uncertainties. Rates are estimated using the two populations of Ref. [43] ("powerlaw" and "log") assuming both the nominal (T obs =4yr) and the extended (T obs =10yr) duration for the LISA mission. Events with ρLISA > 8 can be distinguished from space and will serve as predictions for the ground-based instruments. Events with ρLISA > 4 are not likely to be observed by LISA alone (hence the parentheses in the "LISA" entries of the table) but will be observable using ground-based detections as priors. For comparison, we also report the predicted event rate for LIGO at design sensitivity and Cosmic Explorer in the local Universe (z < 0.3). ) and number of events (N , bottom) for ground-based detectors (LIGO, Cosmic Explorer "3g"), space missions (LISA) and multiband scenarios as predicted by population synthesis simulations of binary stars (cf. Sec. IV). We present results from 7 simulations, where we only vary the magnitude of kicks imparted to BHs at birth (σ = 0, 25, 50, 70, 130, 200, 265 km/s). We consider two different LISA mission durations T obs = 4, 10 yr and SNR thresholds ρLISA > 8, 4. Events with ρLISA > 4 can only be extracted using ground-based data as priors, and are therefore indicated in parenthesis for LISA alone. 
